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Abstrat. We onsider two dierent toy osmologial models based on two elds
(one normal salar and one phantom) realizing the same evolution of the Bang-
to-Rip type. One of the elds (pseudosalar) interats with the magneti eld
breaking the onformal invariane of the latter. The eets of the ampliation
of osmi magneti elds are studied and it is shown that the presene of suh
eets an disriminate between dierent osmologial models realizing the same
global evolution of the universe.
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1. Introdution
The disovery of the osmi aeleration [1℄ and the searh for dark energy responsible
for its origin [2℄ have stimulated the study of dierent eld models driving the
osmologial evolution. Suh a study usually is alled the potential reonstrution
[3℄, beause the most typial examples of these models are those with a salar eld,
whose potential should be found to provide a given dynamis of the universe. In the
at Friedmann models with a single salar eld, the form of the potential and the time
dependene of the salar eld are uniquely determined by the evolution of the Hubble
variable (up to a shift of the salar eld). During last years the models with two
salar elds have also beome very popular. This is onneted with the fat that some
observations point out that the relation between the pressure and the energy density
ould be less than -1 [4℄. Suh equation of state arises if the matter is represented by a
salar eld with a negative kineti term. This eld is alled phantom [5℄. Moreover,
aording to some observations [6℄ the universe undergoes a transition between normal
and phantom phase. Suh an eet is dubbed phantom divide line rossing [7℄. In
priniple, the eet of phantom divide line rossing an be explained in the model with
the only salar eld provided a speial form of the potential and initial onditions is
hosen [8℄ or in models with a non-minimally oupled salar eld [9℄. However, the
models with two salar elds, one standard and one phantom, look more natural for
the desription of the phantom divide line rossing [10, 11, 12℄‡.
In our preeding paper [12℄ we have studied the proedure of reonstrution of the
potential in two-eld models. It was shown that there exists a huge variety of potentials
and time dependenes of the elds realizing the same osmologial evolution. Some
onrete examples were onsidered, orresponding to the evolution beginning with the
standard Big Bang singularity and ending in the Big Rip singularity [13℄.
One an ask oneself: what is the sense of studying dierent potentials and salar
eld dynamis if they imply the same osmologial evolution? The point is that the
salar and phantom eld an interat with other elds and inuene not only the
global osmologial evolution but also other observable quantities.
One of the possible eets of the presene of normal and phantom elds ould
be their inuene on the dynamis of osmi magneti elds. The problem of the
origin and of possible ampliation of osmi magneti elds is widely disussed
in the literature [15℄. In partiular, the origin of suh elds an be attributed to
primordial quantum utuations [16℄ and their further evolution an be inuened by
hypotheti interation with pseudosalar elds breaking the onformal invariane of
the eletromagneti eld [17, 18℄. In the present paper we onsider the evolution
of magneti elds reated as a result of quantum utuations, undergoing the
inationary period with unbroken onformal invariane and beginning the interation
with pseudosalar or pseudophantom elds after exiting the ination and entering the
Big Bang expansion stage, whih is a part of the Bang-to-Rip senario desribed in
the preeding paper [12℄. We shall use dierent eld realizations of this senario and
shall see how the dynamis of the eld with negative parity inuenes the dynamis
of osmi magneti elds. To our knowledge the possible inuene of the two-eld
dynamis, (when one of two (pseudo)salar elds is a phantom one) on the magneti
elds was not yet disussed in the literature.
Speaking of osmi magenti elds we mean the large-sale galati, intergalati
‡ These two elds may have their origin in spontaneous breaking of primordial symmetries of moduli
spae with omplex potential [11℄.
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or super-luster magneti elds of order from 10−6G to 10−11G with orrelation
from 100 kp to several Mp to the extent that they are originated from salar and,
possibly gauge eld utuations after exiting the ination. Their seeds may well have
10−18 − 10−27G or less (see [15℄).
The struture of the paper is as follows: in Se. 2 we reall the Bang-to-Rip
senario and desribe some examples of dierent dynamis of salar and phantom
elds; in Se. 3 we introdue the interation of the elds (phantom or normal) with an
eletromagneti eld and write down the orresponding equations of motion; in Se. 4
we desribe the numerial simulations of the evolution of magneti elds and present
the results of these simulations; Se. 5 is devoted to onluding remarks.
2. Cosmologial evolution and (pseudo)-salar elds
We shall onsider a spatially at Friedmann universe with the metri
ds2 = dt2 − a2(t)dl2. (1)
Here the spatial distane element dl refers to the so alled omoving oordinates. The
physial distane is obtained by multiplying dl by the osmologial radius a(t). We
would like to onsider the osmologial evolution haraterized by the following time
dependene of the Hubble variable h(t) ≡ a˙/a, where dot denotes the dierentiation
with respet to the osmi time t:
h(t) =
tR
3t(tR − t) . (2)
This senario ould be alled Bang-to-Rip [12℄ beause it is obvious that at small
values of t the universe expands aording to power law: a ∼ t1/3 while at t → tR
the Hubble variable explodes and one enounters the typial Big Rip type singularity.
(The fator one third in (2) was hosen for alulation simpliity). In our preeding
paper [12℄) we onsidered a lass of two-eld osmologial models, where one eld was
a standard salar eld φ, while the other was a phantom one ξ. The energy density
of the system of these two interating elds is
ε =
1
2
φ˙2 − 1
2
ξ˙2 + V (φ, ξ). (3)
Analyzing the Friedmann equation §
h2 = ε, (4)
we have shown that in ontrast to models with one salar eld, there is huge variety
of potentials V (φ, ξ) realizing a given evolution. Moreover, besides the freedom in the
hoie of the potential, one an hoose dierent dynamis of the elds φ(t) and ξ(t)
realizing the given evolution. We have studied in [12℄ some partiular exatly solvable
examples of forms of potentials and time dependenes of elds φ and ξ providing the
evolution (2). Here we shall present and apply some of them. Consider the potential ‖
VI(ξ, φ) =
2
9t2R
cosh6(−3φ/4) exp(3
√
2ξ). (5)
§ We use the following system of units ~ = 1, c = 1 and 8piG = 3. In this system the Plank mass
mP , the Plank length lP and the Plank time tP are equal to 1. Then when we need to make the
transition to the normal, say, gs units, we should simply express the Plank units in terms of the
gs units. In all that follows we taitly assume that all our units are normalized by the proper Plank
units. Thus, the salar eld entering as an argument into the dimensionless expressions should be
divided by the fator
p
mP /tp.
‖ The expression for the potential should be multiplied by the fator mP /(clP ).
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and the elds
φ(t) = −4
3
arctanh
√
tR − t
tR
, (6)
ξ(t) =
√
2
3
ln
t
tR − t . (7)
(Here the expressions for the elds φ(t) and ξ(t) should be multiplied by
√
mP /tP .
For the relation between Plank units and gs ones see e.g. [19℄ If we would like to
substitute one of these two elds by the pseudosalar eld, onserving the orret
parity of the potential, we an hoose only the eld φ beause the potential VI is even
with respet to φ, but not with respet to ξ. In what follows we shall all the model
with the potential (5), the pseudosalar eld (6) and the salar phantom (7) model I.
Consider another potential
VII(ξ, φ) =
2
9t2R
sinh2(3ξ/4) cosh2(3ξ/4) exp(−3
√
2φ). (8)
with the elds
φ(t) =
√
2
3
ln
t
tR − t , (9)
ξ(t) =
4
3
arctanh
√
t
tR
. (10)
This potential is even with respet to the eld ξ. Hene our model II is based on the
potential (8), the pseudophantom eld (10) and the salar eld (9). They will be the
elds with the negative parity whih ouple to the magneti eld.
3. Post-inationary evolution of a magneti eld interating with a
pseudo-salar or pseudo-phantom elds
The ation of an eletromagneti eld interating with a pseudosalar or
pseudophantom eld φ is
S = −1
4
∫
d4x
√−g(FµνFµν + αφFµν F˜µν), (11)
where α is an interation onstant and the dual eletromagneti tensor F˜µν is dened
as
F˜µν ≡ 1
2
EµνρσFρσ , (12)
where
Eµνρσ ≡
√−g ǫµνρσ, Eµνρσ ≡ − 1√−g ǫ
µνρσ , (13)
with the standard Levi-Civita symbol
ǫµνρσ = ǫ[µνρσ], ǫ0123 = +1. (14)
Variating the ation (11) with respet to the eld Aµ we obtain the eld equations
∇µFµν = −α∂µφF˜µν , (15)
∇µF˜µν = 0. (16)
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The Klein-Gordon equation for the pseudosalar eld is
∇µ∇µφ+ ∂V
∂φ
= −αFµν F˜µν . (17)
The Klein-Gordon equation for the pseudophantom eld (whih is the one that ouples
with the magneti eld in the model II) diers from equation (17) by hange of sign
in front of the kineti term. In what follows we shall neglet the inuene of magneti
elds on the osmologial evolution, i.e. we will disard the eletromagneti oupling
in equation (17).
If one wants to rewrite these formulae in terms of the three-dimensional quantities
(i.e. the eletri and magneti elds) one an nd the expression of the eletromagneti
tensor in a generi urved bakground, starting from a loally at referene frame 
in whih it is well known the relation between eletromagneti elds and F  and
using a oordinate transformation. It is easy to see that we have, for the metri (1):
Fµν =
1
a2


0 −aE1 −aE2 −aE3
aE1 0 B3 −B2
aE2 −B3 0 B1
aE1 B2 −B1 0

 . (18)
The eld equations (15), (16) and (17) rewritten in terms of
~E and ~B beome
~∇ · ~E = −α~∇φ · ~B. (19a)
∂0(a
2 ~E)− ~∇× (a ~B) = −α[∂0φ(a2 ~B)− ~∇φ× (a ~E)], (19b)
∂0(a
2 ~B)− ~∇× (a ~E) = 0, (19)
~∇ · ~B = 0. (19d)
For a spatially homogeneous pseudosalar eld equations (19a) and (19b) look
like
~∇ · ~E = 0 (20a)
∂0(a
2 ~E)− ~∇× (a ~B) = −α∂0φ(a2 ~B). (20b)
Taking the url of (20b) and substituting into it the value of
~E from (19) we obtain
∂20(a
2 ~B) + h(t)∂0(a
2 ~B)− ∆
(3)(a2 ~B)
a2
− α
a
∂0φ~∇× (a2 ~B) = 0, (21)
where ∆(3) stands for the three-dimensional Eulidean Laplaian operator.
Let us introdue
~F (~x, t) ≡ a2(t) ~B(~x, t) (22)
and its Fourier transform
~F (~k, t) =
1
(2π)3/2
∫
e−i
~k·~x ~F (~x, t)d3x. (23)
Here the eld
~B is an observable magneti eld entering into the expression for the
Lorentz fore. The eld equation for
~F (~k, t) is
~¨F (~k, t) + h(t) ~˙F (~k, t) +
[(
k
a
)2
− iα
a
φ˙~k×
]
F (~k, t) = 0, (24)
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where dot means the time derivative. This last equation an be further simplied:
assuming
~k = (k, 0, 0) and dening the funtions F± ≡ (F2 ± iF3)/
√
2 one arrives to
F¨± + hF˙± +
[(
k
a
)2
± αk
a
φ˙
]
F± = 0, (25)
where we have omitted the arguments k and t.
Assuming that the eletromagneti eld has a quantum origin (as all the elds
in the osmology of the early universe [14℄) the modes of this eld are represented
by harmoni osillators. Considering their vauum utuations responsible for their
birth we an neglet the small breakdown of the onformal symmetry and treat them
as free. In onformal oordinates (η, ~x) suh that the Friedmann metri has the form
ds2 = a2(η)(dη2 − dl2), (26)
the eletromagneti potential Ai with the gauge hoie A0 = 0, ∂jA
j = 0 satises the
standard harmoni osillator equation of motion
A¨i + k
2Ai = 0. (27)
Hene the initial amplitude of the eld Ai behaves as Ai = 1/
√
2k, while the initial
amplitude of the funtions F is
√
k/2. The evolution of the eld F during the
inationary period was desribed in [18℄, where it was shown that the growing solution
at the end of ination is amplied by some fator depending on the intensity of the
interation between the pseudosalar eld and magneti eld.
Here we are interested in the evolution of the magneti eld interating with the
pseudosalar eld after ination, where our hypotheti Bang-to-Rip senario takes
plae. More preisely, we would like to see how dierent types of salar-pseudosalar
potentials and eld dynamis providing the same osmologial evolution ould be
distinguished by their inuene on the evolution of the magneti eld. We do not take
into aount the breaking of the onformal invariane during the inationary stage
and all the eets onneted with this breakdown will be revealed only after the end
of ination and the beginning of the Bang-to-Rip evolution. This beginning is suh
that the value of the Hubble parameter, haraterizing this evolution is equal to that
of the ination, i.e.
h(t0) =
tR
3t0(tR − t0) = hinflation ≃ 10
33s−1. (28)
In turn, this implies that we begin evolution at the time moment of the order of 10−33s.
We shall onsider both the omponents F+ and F− and we shall dwell on the
senarios I and II desribed in the preeding setion. Anyway, our assumption
regarding the initial onditions for equation (25) an be easily modied in order
to aount for the previous possible ampliation of primordial magneti elds as
was disussed by [18℄. Thus, all estimates for the numerial values of the magneti
elds in today's universe should be multiplied by some fator orresponding to the
ampliation of the magneti eld during the inationary stage. Hene, our results
refer more to dierenes between various models of a post inationary evolution than of
the real present values of magneti elds, whose ampliation might be also ombined
eet of dierent mehanism [15, 17, 16, 18℄.
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4. Generation of magneti elds: numerial results
In this setion we present the results of numerial simulations, for the two models I
and II introdued in Se. 2. In our models, the equation of motion for the modes
F±(k, t) (25) reads¶:
F¨±+
tR F˙±
3t(tR − t) +
[
k2
(
tR − t
t
)2/3
± α
(
tR − t
t
)1/3
kΦ˙
]
F± = 0,(29)
where Φ stands for the salar eld φ in the model I and for the phantom ξ in the
model II, so that
Φ˙I = φ˙ =
2
3
√
tR
t
√
tR − t
; Φ˙II = ξ˙ =
2
3
√
tR√
t(tR − t)
. (30)
Equation (29) is solved for dierent values of the wave number k and the oupling
parameter α. (The parameter α has the dimensionality inverse with respet to that
of the salar eld; the wave number k has the dimensionality of inverse length; the
time tR = 10
17s). Qualitatively we remark that in (25) the oupling term inuene
beomes negligible after some ritial period. After that the magneti elds in our
dierent senarios evolve as if the parameter α in (25) had been put equal to zero.
Indeed, it an be easily seen that the interation term vanishes with the growth of the
osmologial radius a. Then the distintion between the two models is to be searhed
in the early time behavior of the eld evolution.
Noting that in both our models I and II the time derivative Φ˙ is positive, by
inspetion of the linear term in equation (25) we expet the ampliation to be mainly
given for the mode F− provided the positive sign for α is hosen; so we will restrit our
attention on F−. We an also argue that the relative strength of the last two terms in
the left-hand side of (29) is ruial for determining the behavior of the solution: when
the oupling term prevails (we remark that we are talking about F− so this term is
negative in our models) then we expet an ampliation, while when the rst term
dominates we expet an osillatory behavior. For future referene it is onvenient to
dene
A(t; Φ) ≡ k
a(t)αΦ˙
=
k
αΦ˙
(
tR − t
t
)1/3
, (31)
whih is just the ratio between the last two terms in the left-hand side of equation (29).
Indeed our numerial simulations onrm these preditions. Let us onsider the
model I with α = 1(tP /mP )
1/2
and k = 10−55l−1P , where lP is the Plank length. Suh
a value of the wave number k orresponds to the wave length of 1kpc at the present
moment. We obtain an early-time ampliation of about 2 orders of magnitude, with
the subsequent osillatory deay. Notie that the parameter A in this model at the
beginning is very small: this orresponds to the dominane of the term proportional
to Φ˙ and, hene, to the ampliation of the eld F−. At the time sale of the order
of 1051tP , where tP is the Plank time, this regime turns to that with big values of A
where the inuene of the term proportional to Φ˙ is negligible.
For the same hoie of the parameters α and k in the model II the ampliation
is absent.
¶ The reader an easily verify that this equation is obtained imposing the normalization a|today = 1,
where today-time is taken to be near the rossing of the phantom divide line, i.e. at t ≃ tR/2.
This implies in turn that at the beginning of the Bang-to-Rip evolution the osmologial radius is
a(t0) ≃ 10−17.
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2.´1051 4.´1051 6.´1051 8.´1051 1.´1052
t
0.2
0.4
0.6
0.8
1.0
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1.4
A
Figure 1. Plot of the ratio A for the model I, with the parameter hoie
α = 1(tP /mP )
1/2
, k = 10−55l−1P . It an be easily seen that at a time sale
of order 1051tP the ratio beomes greater than 1.
1.´1052 2.´1052 3.´1052 4.´1052
t
5.´10-27
1.´10-26
1.5´10-26
2.´10-26
2.5´10-26
ÈFÈ
Figure 2. Plot of the time evolution of the absolute value of the omplex eld F
(given in Plank units) in model I with the parameter hoie α = 1(tP /mP )
1/2
,
k = 10−55l−1P . The behavior, as said above in the text, onsists in an ampliation
till a time of order 1051tP , after whih the osillations begin.
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Figure 3. Plot of the time evolution of the absolute value of the omplex eld F
(given in Plank units) in model I with the parameter hoie α = 100(tP /mP )
1/2
,
k = 10−55l−1P . The behavior, onsists in an ampliation till a time of order
1054tP , after whih the osillations begin.
In Figure 1 we present the time dependene of the funtion A for the model I
for the values of α = 1(tP /mP )
1/2
and k = 10−55l−1P hosen above. The Figure 2
manifests the ampliation of the magneti eld in the model I.
Naturally the eet of ampliation of the magneti eld grows with the oupling
onstant α and diminishes when the wave number k inreases. In Figure 3 we display
the results for the ase of α = 100(tP/mP )
1/2
, whih is admittedly extreme and
possibly non realisti, but good for illustrative purposes. Here the ampliation is
more evident and extends for a longer time period.
Let us try to make some estimates of the osmi magneti elds in the universe
today, using the orrelation funtions. The orrelation funtion for the variable F is
dened as the quantum vauum average
Gij(t, ~x− ~y) = 〈0|Fi(t, ~x)Fj(t, ~y)|0〉 (32)
and an be rewritten as
Gij(t, ~x− ~y) =
∫
d3k
(2π)3
e−i
~k·(~x−~y)Fi(t,~k)F
∗
j (t,
~k). (33)
Integrating over the angles, we ome to
Gij(t, ~x− ~y) =
∫
k2dk
2π2
sin(k|~x− ~y|)
k|~x− ~y| Fi(t, k)F
∗
j (t, k). (34)
To estimate the integral (34) we notie that the main ontribution to it omes from
the region where k ≈ 1/|~x− ~y| (see e.g.[19℄) and it is of order
1
L3
|Fi(t, 1/L)|2, (35)
where L = |~x− ~y|. In this estimation the ampliation fator is∣∣∣∣∣F (1/L)√1/L
∣∣∣∣∣ , (36)
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where the subsript i is not present sine we have taken the trae over polarizations.
Now we are in a position to give numerial values for the magneti elds at
dierent sales in the model I for dierent values of the oupling parameter α. These
values (see Table 1) orrespond to three values of the oupling parameter α (1,10 and
100 (tP /mP )
1/2
)
+
and to two spatial sales L determined by the values of the wave
number k. We do not impose some physial restritions on the value of α. It is easy
to see that the inrease of α implies the growth of the value of the magneti eld B.
We also shall onsider a rather large value of the wave number k orresponding to
the physial wavelength ∼ 10−2 p at the present moment when a = 1. While this
sale looks too small for the desription of large-sale osmi magenti elds, we use
it for illustrative purposes to underline the strong dependene of the ampliation of
magneti eld on the orresponing wavelength values.
Let us stress one again that we ignored the eets of ampliation of the magneti
elds during ination to fous on seizable eets during evolution.
Table 1. The Table displays the values of the magneti eld B
orresponding to the hosen values of α and k. The length L
refers to the present moment when a = 1.
α = 1
√
tP /mP α = 10
√
tP /mP α = 100
√
tP /mP
k = 10−55l−1P (L = 1kpc) B ∼ 10−67G B ∼ 10−60G B ∼ 100G
k = 10−50l−1P (L = 10
−2pc) B ∼ 10−55G B ∼ 10−49G B ∼ 1013G
Finally notie that our quantum initial onditions orrespond to physial
magneti elds whih for presented values of k are Bin ∼ k2/a2 is equal to 10−34G
for k = 10−55l−1P and Bin ∼ 10−24G for k = 10−50l−1P .
5. Conlusion
We have seen that the evolution of the osmi magneti elds interating with a
pseudosalar (pseudophantom) eld is quite sensitive to the onrete form of the
dynamis of this eld in two-eld models where dierent salar eld dynamis and
potentials realize the same osmologial evolution.
We onrm the sensitivity of the evolution of the magneti eld with respet to
its heliity given the sign of the oupling onstant α and that the Φ is a monotoni
funtion of time (as it is really so in our models). We give also some numerial
estimates of the atual magneti elds up to the fator of ampliation of suh elds
during the inationary period. The toy model of the Bang-to-Rip evolution studied in
this paper, annot be regarded as the only responsible for the ampliation of osmi
magneti elds implying their present observable values. It rather omplements some
other mehanisms ating before. However, the dierene between osmi magneti
+
It is useful to remark that at this length sales values of α less than 1 make the eet of the oupling
of the magneti eld with the pseudosalar eld negligible.
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elds arising in various models (giving the same expansion law after the ination) is
essential. It may provide a disriminating test for suh models.
Naturally, the inuene of the interation between a pseudosalar (phantom) eld
and a osmi magneti eld on the dynamis of the latter depends on the veloity of
hange with time of the former. The larger is the time derivative of the pseudosalar
eld, the more intensive is the growth of the magneti eld (remember that the
evolution of the salar eld is monotoni). The results of numerial alulations
illustrated in Se. 4 onrm these qualitative onsiderations. Moreover, one an
see that there exists a ertain range of values of the wave number k (and hene of
the orresponding wavelengths of the magneti eld) where the eet is stronger.
Indeed, if k is too small the interation term is small as well and the evolution of the
magneti eld is damped. On the other hand if the wave number k is too large the
interation term is small ompared to the osillatory term, proportional as usual to k2
and the evolution has pratially osillatory harater. Thus, the study of interplay
between the dynamis of global salar elds providing the osmologial evolution and
the magneti elds looks promising. This interplay has another interesting aspet. The
pseudosalar-eletromagneti eld interation an imply a onversion of the photons
into axions. Suh an eet an ause the observable dimming of supenovae. While
it was shown [20℄ that this eet annot mimi the osmi aeleration, it ould
nevertheless mimi the dark energy uid with a phantom equation of state [21℄. Thus,
the interrelation amongst an eletromagneti eld, a salar and a phantom eld an
reveal some surprises.
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